Abstract. We give the shape of the Donaldson invariants of a general 4-manifold with 61 = and 
b"*" > 1. The resulting expression involves modular forms and matches the physical predictions. 



DONALDSON INVARIANTS OF NON-SIMPLE TYPE 4-MANIFOLDS 

VICENTE MUNOZ 
September, 1999. 

1. Introduction 

Donaldson invariants for a (smooth, compact, oriented) 4-manifold X with 61 = 0, 6+ > 1 and 
odd (and with a homology orientation) are defined as linear functionals [6] 

: A{X) = Sym*{Ho{X) © H2{X)) ^ C, 

where w G H'^{X;Z). As for the grading of A{X), the elements in H2{X) have degree 2 and the 
point X G Ho{X) has degree 4. Let do = — — |(1 + 6+), so that for homogeneous z G A(X), 
D^(z) is non-zero only if i degz = do (mod 4). 

Set p = — 4 G A{X) as in [12]. By definition, X is of simple type if the condition D'^{pz) = is 
satisfied for any z G A{X). Also X is of finite type when there is some n > such that D'^{p"z) = 0, 
for any z G A{X). The order of finite type is the minimum of such n. All 4-manifolds with b'^ > 1 
are of finite type [10] and the order of finite type is independent of w G H^{X\ 1) ([11, theorem 5]). 
The question about the existence of non-simple type 4-manifolds with 61 = and 6+ > 1 is still 
open. 

In [2] [6] a structure theorem for the Donaldson invariants of 4-manifolds of simple type with 
&i = 0, 6+ > 1 is given. For such 4-manifold X, we have 



(1) 



K K 



where the sum runs over is the set of basic classes K G H'^{X; I1) and aK are rational numbers. 

A conjecture on the shape of the Donaldson invariants of non-simple type 4-manifolds is presented 
in [7]. In [9] Moore and Witten give the shape of the invariants using physical arguments. This is 
expressed in terms of modular forms. It is our intention to give a mathematically rigourous proof 
of their formula. 



Key words: 4-manifolds, Donaldson invariants, modular forms. 
Mathematics Subject Classification. Primary: 58D27. Secondary: 57R57. 



1 



2 



VICENTE MUNOZ 



Let X be a general 4-manifold with 6+ > 1 and bi = 0. By [11, theorem 6], we know that there 
is a (finite) set of distinguished cohomology classes K S H'^{X;'Z) (called basic classes) such that 
for any w € H^{X;Z) there are non-zero polynomials px € Sym*i?^(X) (g) Q[A] (dependent on w) 

such that 

(2) i?3^(e*^+^-) = e«(*^)/2+2^^pK(ti5,A)e^-*^ +r<^°e-«(*^)/2-2^^PK(it^,-A)e'^-*^, 

K K 

for any D e H2{X). The collection of classes K is independent of w and K are lifts to integral 
cohomology of W2{X). In [12, definition 1.4], the order of finite type of a particular basic class K is 
defined as d{K) = max{2n|ii' is a basic class for D^{p'"»)}. Using 

we see that d{K) = max{2n\-^pK ^ 0} = 2degpK, where the degree oi pk is considered with 
respect to the variable A (this will be done in the sequel unless otherwise specified). This number is 
independent of w G H'^{X;Z). Note that by [12, theorem 1.7], one has \K ■J:\ + T,'^ + 2d{K) < 2g-2, 
for any embedded T, ^ X oi genus g, if > or = and S is odd in homology. Finally 
the order of finite type of X is 1 + max{d{K)\K basic class of X}. We aim to prove the following 
theorem on the structure of the Donaldson invariants of X. 

Theorem 1. Define the following power series in q = e^'^'^ in terms of classical modular and quasi- 
modular forms (see section 4 for a review) 

-3ei(T) 
^ ' h{Ty ' 

G2(T)+ei(r)/2 

= — w? — ■ 

Then for any A-manifold X with &i = 0, 6+ > 1 and odd, there are power scries fxiT) in q 
(uniquely determined up to the term g'^^^'/^j, for each basic class K G H'^{X; Z), such that for any 
weH'^{X;Z) we have 



£)^(e^+^^) 



+ 

-,0 



q-d{K)/2^-V{T)\-T{T)Q{D)+iK-D/2h{T)^_i y--^- j^^^^ 

where [-JgO stands for the coefEcient of q^ in the Laurent power series inside the bracket and do = 
-w'^ - 1(1 + b+). Moreover f-Kir) = (-l)(^+''"'^/Vif (r) (at least modulo q^+^). 

Remark 2. If X is of simple type then d{K) = for all basic classes and we recover the shape of 
the Donaldson invariants given in (1). 
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Remark 3. A corollary to the proof of theorem 1 given in section 5 is the following. Let X = X#CP 
be the blow-up of a 4-manifold X with 6i = 0, &^ > 1 and odd, and let E be the exceptional divisor. 
Then the basic classes of X are exactly those classes K = K ± {2n+ 1)E with K G H^{X; Z) a basic 
class of X and n > 0, n{n + 1) < d{K). Moreover in this case d{K) = d{K) — n{n + 1). This agrees 
with the results in Seiberg-Witten theory [4] . 

Remark 4. Theorem 1 matches the physical predictions in [9]. The following conjectures remain to 
be proved: for every basic class K, d{K) = \ {K'^ — 2% — 3cr) and 

. . . _ SW{K) e,{Tr+- / a(r) \ ^ 

fK{r)-q 16 a{r)hir)VhW) ' 

where a(r) = (4G2(t) — ei(T))//i(r) = 16q-\ and SW{K) is the Seiberg-Witten invariant (see [9, 

equation (7.18)]). One may check that fK{T) = 2^+''"^ ' SW{K) + ■ • • , so that for simple type 
4-manifolds one recovers the usual conjecture. 

Our method of proof does not give more information on /k(t). This is due to the fact that 
including any z G C[x] C A(X), one can run the same proof for D^{ze^^^''^) to get an expression 
analogous to that of theorem 1. On the other hand, once we have the result of theorem 1, we always 
can find z e C[a;] to arrange the coefficients of /i<:(t) up to the term q'^-'^^y^ as we please. 

It has been pointed out to the author by Gottsche that the results in [5] are the analogue for 
4-manifolds with 6+ = 1 to our results for 4-manifolds with 6+ > 1, but in [5] Gottsche and Don 
Zagier find out the formula for the analogue to Jk- The reason for this is that they use some 
homotopy invariance (that of the wall-crossing terms) that we do not have here at our disposal. 

We also rewrite theorem 1 in the form suggested in [7]. We have the following 

Theorem 5. Let K = K{k'^) and E = E{k'^) be the elliptic integrals of first and second kind 
respectively, depending on the square of the modulus, k^. Let ^(fc^) = 7r/2/f (— ifc^) and B{k^) = 
{2E{-\k^) - K{-\P))/K{-\k^). Then for any A-manifold X with h = 0, b+ > 1 and odd, there 
are polynomials -Pr:(A) of degree d{K)/2, for every basic class K e H^{X;Z), such that for any 
w e iJ2(X;Z), weiiave 

£>^(e^+^^) = e^^ Yl e^(^)'?(^)/2+A(^)if.D(_^^i^^p^(;^)^ 

K 

+i-do^-2X Y e-s(-*)QW/2+^(-^)'^f--D(-i)^T^p^(-A), 

K 

where do = -w^ - |(1 + b+). Moreover P_x(A) = {-1)^^+^^'^/^Pk{X). 

The paper is organized as follows. In section 2 we study the Fukaya-Floer homology of the three- 
manifold y = E X §^ and obtain some new relations which in section 3 are translated into a structure 
theorem for the Donaldson series Z)^(e*^+'^^) of a 4-manifold X with 6i = and 6+ > 1 and odd. 
In section 4 we review the modular forms that we use in this paper and in section 5 we recast the 
expression obtained in section 3 into a g°-coefIicient of a power series in q. Using the universality 
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of the expression thus obtained together with the general blow-up formula [3], we get theorem 1. 
Finally in section 6 we derive theorem 5 from theorem 1. 

Acknowledgements: The author is very grateful to Marcos Marino for teaching him on the inter- 
action of modular forms and Donaldson invariants and for explanations of the physical results. He 
provided the author with the appropriate conjecture for /x(t). Also thanks to Lothar Gottsche for 
useful correspondence. 

2. Fukaya-Floer homology 

Let us review the results of [10] that we shall use in this paper. For a (closed, connected, 
oriented) surface S = Eg of genus 5 > 1, consider the 3-manifold y = S x S^. As in [10], HFF* = 
S^) will stand for the Fukaya-Floer cohomology of Y for the loop §^ C F = S x and 
S'0(3)-bundle with W2 = P.D.[§^] G if^(y;Z/2Z). In general we shall have the following situation: 
X is a 4-manifold with 5+ > 1, 5i = and containing an embedded S X of self-intersection 
zero and representing an odd element in homology (so that there is w G H^{X;Z) with w ■ 'E = 1 
(mod 2)). Then we split X = Xi Uy A, where A = Ag = Y,x D'^ ]s & (closed) tubular neighbourhood 
of S and Xi is a 4-manifold with boundary dXi = Y . Let D G H2{X) be a rational homology 
class which we represent as a 2-cycle split a.s D = Di + A, where Di C Xi, dDi — C Y and 
A = pt X 1)2 C A. Then for any z G A{Xi) = A(i;^) C A{X) there is a relative Donaldson 
invariant [10] 

(?i"'(Xi,^e*^i) G HFF;, 

such that 

(3) Dp''\ze'^) = (r(^i,^e*^0,r(Ae*^)), 

where D^'^'' = + D^^^. Let {74} be a symplectic basis for Hi(E;Z) with 7^ • "fg+i = 1, 
I < i < g- The elements a = 20"'(A, E e*^), /? = -40'"(A, a; e'^) and = (p"" {A, e*"^) for 
1 < i < 251, generate HFF* as a C[[t]]-algebra. The product of HFF* has the property that 
(/'"'(A, 0ie*^)(^'"(Xi, 026*^1) = </'"'(Xi,^i^2e*^0, for zi G A(S) and Z2 G A(Xi). For instance, 
a0«'(Xi,^e*^i) = <?!.'"(Xi,-2S^e*^i). 

We ultimately want to extract information about the 4-manifolds with &+ > 1 and 61 = 0, so 
it will be necessary to study the subspace of HFF* where the relative invariants (f)^ {Xi, ze*^^) 
satisfying 

(*) V = (f>^ {Xi, ze*^'^) where Xi is a 4-manifold with boundary dXi = Y = 1] xS^ 
such that X = XiUy A has 61 = and 6+ > 1, 2; G A{Xi), Di c Xi is a 2-cycle 
with dDi = and w\y = P.D.[S^] 

live. We therefore give the following 

Definition 6. Let <? > 1. We define Vg as the sub-C[[t]] -module of HFF* generated by the relative 
invariants v = (j)'^{Xi, ze*^^) satisfying (*). 
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Clearly Vg is a free C[[i]]-niodule, since HFF* is free as C[[f]]-module (see [10]). Moreover Vg is a 
C[[i]][a,/3]-algebra, since Vi<;i"'(^i, -26*^0 = <?!'"' (Xi,7i^e*^i) = 0, as 7i = in Hi{Xi) = Hi{X) = 
0. 

Proposition 7. We have Vg = © Rg,r where 

r=-(g-l) 

^ C[[t]][a,(3]/{{(3 + 8r,a-{4r + 2t)-,fgAP + 8)), r odd 

\ C[[t]][a,/3]/((/3-8)^a-(4ri-2i) -/<,,.(/? -8)), r even 

for some fg,r{u) € C[[f]][u] polynomial of degree d—1 with no independent term, where d > is the 
rank of Rg^r as C[[f]] -module. 

Proof. We recall that the effective Fukaya-Flocr homology HFF* C HFF* studied in [10, section 
5.4] is the sub-C[[f]]-module of HFF* defined as Vg but dropping the condition that X = XiUy A 
has bi = 0. So Vg C HFF*. Prom [10, theorem 5.13] the eigenvalues of {a, (3) on HFF* are 

(4) (4r + 2t, -8), r odd, (4ri - 2t, 8), r even, with - {g - I) < r < g - 1. 

As Vg C HFF*, the eigenvalues of {a, (3) on Vg are a subset of (4), so we have the decomposition 

5-1 

= ® -^s.f) where in i?g,r, cc — (4r -|- 2f) and P + 8 are nilpotent for r odd, a — (4ri — 2t) 

r=-{g-l) 

and /3 — 8 are nilpotent for r even. In principle it may happen that some Rg^r is zero. 
On the other hand, the reduced Fukaya-Floer homology 

HFF*g = ker(/32 - 64) n Q ker^-i C HFF* 

3-1 

is determined in [10, section 5.3] to be HFF* = Rg.r, where Rg^r are free C[[i]] -modules of 

'■=-(9-1) 

rank 1 such that for r odd, a = Ar + 2t and f3 ~ —8 in Rg^r- For r even, a = Ari — 2t and /3 = 8 in 
Rg^r- As ker(/32 _ 64 : Vg ^ Vg) C :^FF; we have that ker(/3 + {-If+^S : iJg,^ ^ i^g,^) C Rg,r- So 
ker(/3 -|- (— 1)''+^8 : Rg^r Rg,r) is either C[[t]] or zero. It is a simple algebra exercise to check that 
this implies that Rg^r is as in the statement of the proposition, with d>0 being the rank of Rg,r- 

To check that in fact Rg^r 0, for —{g — 1) < r < g — 1, note that the vector v G HFF* 
constructed in [10, proposition 5.7] for A; = actually lives in Vg, so i?g,±(g_i) 7^ 0- Now the 
inequality (5) below (which holds without knowing a priori that all -Rg,rj —{g — ^) ^ r < g — 1, are 
non-zero) gives the assertion. □ 

As a consequence of proposition 7 the algebra Vg is cyclic, i.e. there is anepimorphismC[[t]][a, /3] 
Vg. Therefore 

Vg-C[[t]][a,/3]/Jg, 

for some ideal Ig C C[[t]][a, /3]. This ideal Ig is the ideal of relations of Vg, i.e. /(a,/3) G Ig if and 
only if fia, f3)v = 0, for any v = (t>'^{Xi,ze*^^) S Vg. 
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Remark 8. The Donaldson invariants of 4-manifolds X with 61 = 0, 6+ > 1 determine Vg. If 
^;e*^i) is in the conditions (*) then we have the following chain of equivalences 



ipi4>"'{Xi,ze*^') = 0, for 1 < i < 2g. 

Thus/(a,/3) eXg if and only if f{a, (3)(P'" {Xi. ze}^^) = </>"'(Xi, /(2S, -4x)ze*^i) = if and only 
if £)^'^^(/(2S, -4a;)0e*^+*^+^^) = 0, for any 4-manifold X with 61 = and 6+ > 1, an embedded 
E = Eg C X with E2 = 0, w e H'^{X; Z) with w ■ E = 1 (mod 2), z G A(E-L) and £> G F2(^) with 
£)-E = 1. 

Lemma 9. Ig+i C X^. 

Proo/. Let f{a, jS) G X^+i. So £>^'^^(/(2E, -4a;)^;e*^+«^+^^) = for any 4-manifold X with 61 = 
and &+ > 1, an embedded surface E = Eg+i C X of genus 5+1 with E^ = 0, w G H'^{X;'L) with 
m; • E = 1 (mod 2), z G A(E^) and D e H2(X) with £> • S = 1. 

Now if we have a 4-manifold X in the same situation with an embedded S = Eg C X of genus 
g, one may add a trivial handle to E to obtain a new embedded surface of genus <? + 1 representing 
the same homology class. Therefore £)^'^V/(2S, -4a;)5;e*^+«^+^^) = and / G Jg. □ 

There is a natural epimorphism Vg+i -» Vg. This yields in turn epimorphisms Rg+i,r Rg,r, for 
any —[g — 1) < r < <? — 1. Then 

(5) rkc[[t]]Rg+i,r > rkc[[t]]-Rg,r, 
for > |r|. Let 

(6) Xr = SUpi:kc[[t]]Rg,r- 

9 

If a:;^ < 00 then there is some 50 such that Rg^r — Rgo,r^ for all g > go- If a;^ = 00 then the ranks of 
Rg,r get bigger as g — > 00. 

Remark 10. Let v = (j)'^{Xi,ze*^^) G Vg satisfying (*). We may decompose v — Y^Vr, with Vr G 
Rg^r- For any integer k < Xr we may find some v such that (/3 + {—iy~^^8)'^Vr 0. 

Corollary 11. There exist series Sr{u,t) G uC[[t]][[u]] with 



(l)'"{Xi,ze*°') = ^ ((?i"'(Xi,^e*^^),a"/3'') =0, foralla,6>0 <^ 




R. 




C[[t]] [a, /?]/((/? + 8)^ a - (4r + 2i) - 5,(/3 + 8, f)), 
C[[i]][a, /3]/((/3 - 8)^ a - {4ri - 2t) - S.(/3 - 8, t)) 



r odd 



r even 
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for any genus g > 1 and —{g — 1) < r < (g — 1), where d > is the rank of Rg,r- The series Sr is 
uniquely determined if Xr = oo. If Xr is finite then we impose that Sr is a polynomial of degree less 
or equal than Xr — I- With this extra condition iSr is uniquely determined. 

Proof. Prom Rg+i,r Pg,r it is a — (4r + 2t) — /g+i,r(/3 + 8) = in Rg,r- Therefore fg+i^r{u) is 
equal to fg^r{u) plus (possibly) terms of degrees strictly bigger than deg/g_r- So there is a single 
scries Sr{u) agreeing with fg.r{u) up to terms of degrees deg/g^r, for all g > \r\. □ 

Remark 12. By remark 8 we have that the series S,. are determined by the Donaldson invariants of 

4- manifolds with 6i = and 6+ > 1. If we write Rr = ^m.Rg r- then Xr = rkc[[j]ji?r- We have (e.g. 

g 

for r odd) 



Rr 



I <C[[t]][a,l3]/{a-{Ar + 2t)-Sr{l3 + ^)), \i Xr = oo 

[ C[M][a,/3]/((/3 + 8)^^a-(4r + 2t)-5^(/3 + 8)), ifx^<oo 

3. Universal shape of the Donaldson invariants 

Now we shall translate the knowledge on the Fukaya-Floer homology gathered in section 2 to 
information on the Donaldson invariants of 4-manifolds with 6i = and 6+ > 1. This section is 
devoted to proving the following result 

Theorem 13. There are universal series A{u), B{u) G C[[u]] of the form 1 + . . . , such that for any 
A-manifold X with 6i = 0, 6+ > 1 and odd, and any w € H'^{X; Z), we have 

K K 

where do = —vP' — |(1 + 6^). The sum runs over the set of basic classes of X and Pk{^) are 
polynomials (dependent on w) of degree d{K)/2. Moreover P_k{X) = (— l)''''p^(^_\^_ 

To start with, let us write 

(7) Sr{u,t) = < 

I ^b-r{4:U,it), r even 

Lemma 14. Suppose we are in the following situation 

{**) X is a A-manifold with 6i = and 6+ > 1 such that there is an embedded T, C X 
withE^ = 0, w e i?2(X;Z) withwY, = 1 (mod 2), z e A(E-L) and D G H2{X). 

Then there exist polynomials Pr{X,t) £ C[[f]][A] such that 

9-1 

D^(ze*^+«^+^") = e^^ J2 e2"+*^(^-^)e^'-(^'*(^-^»V(A,i)+ 

r=-(s-l) 

9-1 
r=-(g-l) 
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Note that e^'-(^'*(^-^)) V(A, t) is polynomic in s and A. The term e2'-«+*«(^-^)e^'-(^'*(^-^))«p^(A, t) 
is killed by the differential operator 

= — - 2r - t(D • S) - 5r( — , t(£> • S)). 
Also we may End examples of (**) with deg;)^Pr > k, for any k < Xr- 

Proof. Let us suppose D -T, = 1. Writing X — Xi Uy A, where A is a tubular neighbourhood of S, 
we are under the conditions (*) for v = <j)^ {Xi, ze*^^) with D = Di + A. Then by coroUary 11 



(8) 



(a - (4r + 2t) - Sr{(3 + 8))vr = 0, (/3 + 8)''^;^ = 0, r odd 

(a - (4rj - 2t) - Sr{P - 8))vr = 0, (/3 - 8)''^;^ = 0, r even 



Put K for the integer such that (/3 + {-iy+^&)'^Vr ^ and (/? + {-lY+'^8)'^+'^Vr = 0. By remark 10 
we can find examples where k is any integer with k < Xr- Using (3), we have 

r r 

where Dj. = {vr, (l>^{A, gt'^+sS+Ax-j^^ -y^g translate (8) into differential equations satisfied by Dr- Let 
P. -- 



£-(2r + t)-i^,(-4(|^-2),i), rodd 
d. - (2ri -t)- i^.(-4(|^ + 2), f), r even 



Then A-D^ = 0. For r odd, A-^r = (wr, - (4r + 2t) - Sr{l3 + 8, e*^+'^+^'=)) = and 

analogously for r even. Also + (-l)'^2)'^£>r ^ and + (-l)'^2)''+iDr = 0. Therefore 

(9) 

with pr{u,t) e C[[f]]['u] a polynomial of degree k. Hence 

r odd r even 

r odd r even 

Using (7) we get the statement of the lemma. The case of _D • S arbitrary follows readily. □ 
Theorem 15. For any r gZ, we have Sr{u, t) = Ar(u) + Br{u)t, with A^, € C[[u]]. 

Proof. It suffices to prove the statement of the theorem modulo u'^, for any k < Xr- By lemma 14 
there are examples of 4-manifolds X in the situation of (**) such that 

s-i 

(10) £)»(2e*^+^^+^^) = e'^ e2-+*^(^-^)e^-(^'*(^-^)>p,(A,t) + --- 

r=-(g-l) 
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with pr{u,t) G C[[t]][u] of degree at least k (we do not write explicitly the part corresponding to 

e~'^^). Let us argue that we may suppose that z does not appear in (10). First note that the term 
is a polynomial in A and s. The general expression (2) for the Donaldson 

invariants of X gives 

(11) £)^(e*^+«^+^^) = e«(*^+^^)/2+2A^p^^^^^g5.^;^)gif.(tD+.E)^... ^ 

K 

where pK{tD + sS, A) is a polynomial in all t, s and A. Comparing (10) and (11), there must be 
some basic class Kq with Kq ■ T, = 2r such that degpxo > k, i.e. d{Ko)/2 > k (recall that we are 
considering the degree with respect to A). Now we choose D e H2{X;Z) generic such that D -Y, is 
odd and all values K ■ D {K basic class of X) are different. Applying lemma 14 to this new D and 
z = 1 we have 

9-1 

(12) £)^(e*^+^^+^^) = ^ g2r«+t.(B.E)gS.(^,t(D.E)).p^(;^^ <) + •••, 

r=-(9-l) 

for some Pr{X,t) (different from the previous ones). Comparing to (11), e^''^'^'*^^'^^^^pr{X,t) = 
S{i<'|i<'-E=2r} + ,sS,A). By the choice of D there are no cancelations in this 

sum, so the result is a polynomial in A of degree at least k. Hence dcg;^ pj. > k. 

Now change D to D' = aD + 6S, a,b G a 0. such that (-D')^ = and either a or 6 is odd. 
Then (12) is again satisfied for this D' G H2{X;Z). Moreover if a is odd, then D' ■ Y, = 1 (mod 2) 
so, changing w hy w + T, ii necessary, we have w ■ D' = 1 (mod 2). If a is even, b is odd and then 
w ■ D' = 1 (mod 2). So we may suppose that (12) holds with Z)^ = and w ■ D = 1 (mod 2). 

Now (11) becomes 

^^^gtD+.s+A.^ = Yl e(^-''^*^+"'^+'^*/rp(i, s, A) + • • • , 

r,p 

for some polynomials frp G C[t, s. A]. For some integer p the degree of frp in the variable A is at least 
K. Then lemma 14 appUed to both embedded surfaces S and D implies that e(^'^^**+^'''*+^^'*/rp(i, s, A) 
is killed by the diflFcrential operators Pr = — 2r — t{D ■ E) — Sr{-^,t{D ■ E)) and Qp = 
^ - 2p - s(L> • E) - Sp{-^, s{D ■ E)). Henceforth 

[Pr, Qp] = iD.E) (^SU^,t{D . E)) - S'p{^,s{D • E))) 

kills frp{t, s, A) (the prime denotes derivative with respect to the second variable). Writing Sr{u, t) = 
Y^Sr,i{u)t'^ we see that Sr,i{-^) must kill frp for i>2. Therefore S'r,i(u) = 0{u'^^^), for i > 2, as 
required. □ 

The proof of theorem 15 also yields that Xr = 1 + s\ip{d{K) /2\K is a basic class of some 4- 
manifold X with bi = and 6+ > 1 such that there is an embedded T, C X odd in homology, with 
K-Y. = 2r}. 
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Proposition 16. Let x be the supremum of the orders of finite type of 4-manifolds with bi = 
and 6+ > 1. Then Xr = x for all r e Z. 

Proof. Fix r e Z. Clearly Xr < x. Let us see the opposite inequality. Let k be any integer 
with K < X. Then there exists a 4-manifold X with bi = which has at least one basic class K 
with d{K)/2 > K. Choose D e H2iX;Z) with > and take D' = MD where M is a large 
integer. Then blow-up X at N = {D'Y points to get X ~ X^NCF with exceptional divisors 
El, . . . , Em- Consider S = D' — Ei — ■ ■ ■ — Em which has = and it is odd in homology. 

K = K + aiEi + h qnEn, ai = ±1, is a basic class of X and from [12] it is d{K)/2 > d{K)/2. 

Now K ■'E = K ■ D' + ai-\ \-aN- Choosing conveniently, we can get any even number between 

MK ■ D — M'^D'^ and MK ■ D + M'^D^. With M large enough we cover all even numbers. Therefore 
there is a basic class K for some blow-up such that d{K)/2 > d{K)/2 > k and K ■ 'E = 2r. So 
Xr > d{K)/2 > K and hence Xr > x. This concludes the proof. □ 

Remark 17. The construction in the proof of proposition 16 can be adapted to find a 4-manifold X 
with two embedded surfaces Sj c X, i = 1, 2, odd in homology and with = 0, = 0, Si •E2 = 0, 

and a basic class K such that K ■ Ei = 2ri and K ■ ^2 = 2r2- for any pair of integers ri and r2- 
Wc only need to start with Di,D2 G H2{X]Z) with Df > 0, D'l > and Di ■ D2 = 0, take large 
multiples D[ = MDi, D'^ = MD2 and blow-up at iV = iVi + N2 points, with N, = {D'^f . Then 
Yii = D[ — El — ■ ■ ■ — iJjVi and T,2 = D2 — -Bjvi-i-i — • • • En will work. 

Theorem 18. Ar{u) = rAi{u) and Br{u) = Bo{u), for any r e Z. 

Proof. It sufiices to prove the statement of the theorem modulo u'^ for any k < x. There are two 
cases 

• r odd. By lemma 14 and theorem 15 we may find X satisfying (**) with z = 1 and 

9-1 

r=-{g-l) 

degx Pr > K. Let S' = nT,, for n odd, and D' = D/n. Then S' is represented by an 
embedded surface of genus gn with (S')^ = and w -T,' = 1 (mod 2). Then 

9-1 

r=-(s-l) 

By lemma 14 applied to E', e2™''+*«('D-s)gA,(^)«s+i3.(^)ts(i5.s)p^(;^^ ^/^^ jg j^jllgj p^^ 
So it must be Am = nAr and Bm = B^ (for n odd) modulo u'^. This proves that A^ = rAi 
and Bj- = Bi for r odd. Also ^0 = 0. 
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r even. By remark 17, there is 4-manifold X with a basic class K with d{K)/2 > k such 

that there exist S, I? e H2iX: Z),w € H'^{X; Z) with = 0, = q, S • D = 0, w • S = 1 
(mod 2) and u; • L» = 1 (mod 2), satisfying K ■ i: = 2r and K ■ D = 2. For iJ e H2{X) 

where frp{s,l,t, X) is polynomic in s, I and A. Choosing H generic, the term fri{s,l,t, X) 
has degree bigger or equal than k in the variable A. By lemma 14 applied to S, D and 
S' = S - r£) (using here that r is even), e2'-«+2'+(«s+''D) *^/^i(s, A) is a solution to 

^ - 2r - t(iJ • E) - A,( A) _ Bri^m ■ S), 

^^-2-t{H.D)-A^{-^)-B,{-^)t{H.D) and 

|-r|-.(if.E')-Eo(|^M//.E'). 

Hence 

kills /ri(s, l,t,X). As this works for if generic, all three expressions in between parentheses 
vanish, i.e. Ar = rA\ and Br = Bi = Bq. 

□ 

Proof of theorem, 13. 

We put A{u) = 1 + (u), B{u) = 1 + Bo{u). Then the expression in lemma 14 becomes 

9-1 

I?^(ze*^+^^+^^) = e^^ ^ e^(*)2'''*+^(*)*^(^-^)p,(A, t) + • ■ • , 

r=-(s-l) 

and Pr = l- A{^)2r - B{-§^)t{D • E). 

As in the proof of theorem 6 in [11], it is enough to prove the statement for some blow-up 
X = X#mCP of X with exceptional divisors Ei,. .. ,Ejn and some w € H'^{X;Z) of the form 

w = w + aiEi, Oi £ Z. So by step 2 of proof of theorem 6 in [11], it is enough to prove theorem 13 
in the case where X is a 4-manifold with 6i = 0, 6+ > 1 such that there is u> G H'^{X;Z) and a 
subgroup H = (El,... ,E„) C H2{X;Z) with 2if2(^;Z) C if, E^ = and w ■ Ej = 1 (mod 2), 
^ < j < n. Represent Ej by an embedded surface of genus gj and apply lemma 14 simultaneously 
to all Ej to get 

£,^j-gtiEi-|---|-t„E„-|-Aa:^ _ g2A ^ gA(^)(2riti-|---|-2r„t„)-|-B(^)Q(tiSi-|-.-|-t„E„)/2p^ ^ u,(A)-| 

-(9j-l)<rj<Sj-l 
l<3<n 

where Pri...r^,w is a polynomial in A. This yields the statement. □ 
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Remark 19. Let x denote the supremum of the orders of finite type of 4-nianifolds with bi =0 and 
6+ > 1 (so that the simple type conjecture reads as x = 1). If a: < oo then the series A{u) and B{u) 
appearing in theorem 13 are uniquely determined modulo . The terms of degree higher than a; — 1 
are irrelevant for the Donaldson invariants of 4- manifolds with 5i = 0, 6+ > 1, since deg Pk < a; — 1 
for any basic class K. If a; = oo then A{u) and B{u) are uniquely determined. 



4. Review of modular forms 



We are going to review the notations and results on modular forms that we shall use in this paper. 
For general background on modular forms and elliptic functions see the books [1][8]. In general, we 
follow the notations of [5] but we shall point out the differences. 

Let EE = {r G C|Im(r) > 0} be the complex upper half-plane. For r e H let q = e^'^'^ and 
qi/n _ g27riT/n denote ai{n) = J2d\n ^"^^ <T°'^'^{n) the sum of the odd divisors of n. Let 



G2(r) = --^ + ^ai(n)g" 



24 

be the classical Eisenstein series. This is a quasi-modular form, i.e. 

^ ,aT + &, , ,,2„ , , cicT -\- d) 

G2{ —) = {cT + dyG2{T)- 



CT + d 47ri 



for { " Me 5L(2,Z). Let 



c 



d 



OO 



e{T,z) = -i J2 (-I)"g5("+5)'e27ri(n+i 

n— — oo 
oo 

ei{T,z)= g3("+^)'e2^^("+5)^ 

n= — oo 
oo 

02{r,z)= J2 (-ir9^"'e 

n— — OO 

oo 



kn J2-Kinz 



n— — oo 



be the theta functions. In general we shall also write 0i(r) = 0j(r, 0), i = 1,2, 3. These are the theta 
functions of [1] and coincide with those of [5] except for the factor of —i in 6. The theta functions 
are labelled as ^i, O2, O4, 9s in [8] and [9] (moreover in [8] the factor of tt in the exponentials does not 

appear, so that e.g. 6'{t, 0) for us corresponds to it9'{t, 0) in [8]). Also let r]{T) = t^l"^^ Wn>Q^~^) 
be the Dirichlct eta function, so 0'(t, 0) = 27r77(T)^ = 7r^i(r)^2(''")^3 (''")• By [1, Chapter V, theorem 
5], it is d"'{T, 0) = 47rz|:6''(T, 0) whence 

(13) = 47ri-^ log^'(T,0) = Vl-Ki^ log77(T) = -24772^-^ log7?(r) = l^i^G^ir), 

6''(r, (Jj or dT dq 
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where G2{t) = —Q-^ log?/(T) follows by term by term logarithmic differentiation in the definition of 
r/(r). 

Finally let ei, 62, 63 be the 2-division values of the Weierstrass function at 1/2, t/2 and {1 + t)/2 
respectively, i.e. 



e2(T) = ^ + 2 E = ^(Otir) + OI{t)) 

n>0 



12 /XV/, 

n>0 

The right hand side equalities follow from [1, Chapter V, (5.6)], taking into account that our functions 
ej(r) are those of [1] divided by a factor —Aw"^. Therefore by [1, Chapter V, (5.2)] 

(14) 47ri-^log0i(T) = fe^ = 87r2G2(r)+47r2ei(r), i = 1,2,3. 

or pjlT, U) 

In [5] the following functions are introduced 



U{t) 

(15) G(r) 



_3e3(r) 

G2(r)+e3(T)/2 



Theorem 20 ([3]). Let B{x,t) = e 6^(T3(/;) and S{x,t) = e a{t), where a and (J3 arc a- 

^ - 1) and ,93 = 



functions associated to the elliptic curve with 92 = 4(^ — 1) and = „J'^'^ . For any 4-manifold 



_2 

X with 6+ > 1 and bi — 0, Jet X — X^CF denote its blow-up and let E stand for the exceptional 
divisor. For w G H'^{X; Z) we iave 

j^^l^^tE+sD+Xx-^ = D'^{B{x,t)e'^+^^), 

j^w+E^^tE+sD+Xx^ = D^(5(x,t)e^^+^"), 

for all D G H2{X). □ 
Proposition 21. ([5, proposition 2.19] [9, section 6]) We have 

^3('''i 27ri/(T)) 



B{U{T),t) =e* 



3(t,0) 



S(f/(r),i) =e-3-/V^G(r)!(^2^^_ 
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Proof. This is an exercise in modular forms. We shall prove only the second equality, the first 

one being similar. Put uji = 27ri/(T) and UI2 = 27rir/(T) and let us find the invariants g2 and 53 
associated to the lattice L = Zwi + Zcj2. For brevity, set Xi = 9f, i ^ 1, 2, 3, so that = Xi + X2. 
Then 12e3 = X2—x\ and 16/'' = —xiX2- Using [8, Chapter 6, exercise 4] (and noting that in [8] the 
basic periods are 2a;i, 20^3), we have 

8x1X2 \ 3xiX2 / \ 3 / 3 ' 

.3(L) = ^(^^ + eiwi + .3^)(.^ - = ^^^^^^^^ = 

27x1X2 27 V -a;iX2 / 27^ ' 

Therefore putting x — U{t) the a-functions of theorem 20 correspond to the lattice L. Now by [1, 
Chapter V, theorem 2], 

''^*^-0'(r,O)' ^^^'c.i^-7r^^i(r)^?2(rM.(r)" 27rz/(r) ^ " 03(t) 

_ _ 1 e'"(T,0) _ _ 47r= 



and by [8, formula (6.2.7)] and (13), Vi = -g^ V(W = -^G2{r). S 



iit7irj,tj-e ^^^-^2:^2^(^)2^ +j(^)2Me ^^^^^^^ -e e ^^^^^^^ 

□ 

5. Proof of Theorem 1 

In this section we shall prove our main theorem. For this let us rewrite the expression of theorem 13 
as a coefficient of g° of a Laurent power series in g = e^'^'^. 

Lemma 22. Let V{t) — J2n>o '^"S" ^ power series in q with ao = 2 and ai ^ 0. Let N{t) = 
A{V{t) — 2) and M(r) = B{V{t) — 2) which are formal power series in q. Then for any 4:-manifold X 
with &+ > 1 and hi = 0, and K G H'^{X; Z) a basic class for X, there exists a uniquely determined 
polynomial fK{T) in q of degree d{K)/2, such that 

L J qO 

for any D G H2{X), where [F]qO stands for the coefEcient of q^ of a Laurent power series F{q). 



Proof. Let P{D, A) stand for the left hand side. Then P is characterised by being a solution of 

[ (m-2) ^ mA) = o, 



(16) 



P{D + tH, A) = 0, 

t=o 
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for any D,H & H2{X). Now 



l.^-^D.H)Bil^-2)-iK.H)Ai§-^-2) 



^-d(K)/2^V{r)\+M(T)Q{D+tH)/2+N{r)K\D+tH) j^^^-^ 



q-d{K)/2 . h^m{t) + {K ■ H)N{t) - {D ■ H)B{V{t) -2)-{K- H)A{V{t) - 2)) ■ 



and 



. ^V{r)X+M{T)Q{D)/2+N{T)K.D j^^^^ 



dx 



d(K) 



+ 1 



^-d{K)/2^V{T)\+M{T)Q{D)/2+NiT)KDj,^^^j 



{V{t) - 2) 2 +lg-'iW/2gV(r)A+M(r)Q(r.)/2+JV(r)if I)j^(-^^ 



0, 



since the series V{t) — 2 equals aiq plus higher order terms. The condition oi 7^ ensures that 
varying fKi^) in the polynomials of degree d{K)/2 we get a basis for the solutions to (16). So there 
exists exactly one fK{T) as required. □ 



Remark 23. Although in lemma 22 we are supposing that /^(t) is a polynomial in q, we may let 
/if (t) be a power series instead. The coefficients will be determined only up to the power d{K)/2. 

To find V, N and M we shall make use of their universality and the blow-up formula. For this 
we need to re-express the blow-up formula. Let us define the following functions similar to (15) 

h{T) = U2ir)0s{T) = ^-2q + 2q' + -.- 



Vir) = = 2 + 64g + 512g2 + 



(17) r(r) = - 

Lemma 24. We have 



Krf 

G2(r)+ei(r)/2 _ 1 

h{Tf 2 



30g2 + 



B(F(r),i)=e-*'^(^) 
S{V{T),t) =ie 



2TTih(T)^ 



Oi{t,0) 

t^T{T) ^^^^ 2-nih{T) ) 

^i(t,0) 



Proof. We consider the transformation t' = 1 — ^. This is what in physical terms corresponds to 
changing from "magnetic" variables to "electric" variables. Using the modular behaviour of the 
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theta functions [1, Chapter V, section 8] and the quasi- modular behaviour of G2, we have 

f{T')='-r92ir)9,iT)^zrh{T), 



Applying the transformation to the formula in proposition 21 we get 



h{Tf 



+ 



and simplifying 



B{-V{T),t) = (- 



^i(t,0) ■ 

Using that B{V{T),t) = B{—V{T),it) we get the statement. The second line is proved analo- 
gously. □ 

Proposition 25. Let V{t) = as above. Then M(t) = 2r(T) and N{t) = 1/2/i(t). So for 

any A-manifold X with bi = and 6+ > 1 and odd, and w £ H^{X;Z), there exist polynomials 
fK,w{T) in Q of degree d{K)/2, for every basic class K e H'^{X; Z), such that 

£)^(e^+^^) = \q-d{K)/2^V{T)X+T{T)Q(D)+K.D/2hiT) j^^ ^(^^-^ 



-d{K)/2 -V{T)X-T(r)Q{D)/2+iK-D/h(T) 



fK,w{r) 



forDe H2{X). 



Proof. Fix w G H'^{X;Z). Let X = X#CP be the blow-up of X, with exceptional divisor E. Then 
theorem 20 and lemma 22 say that 

Now by lemma 24, 

f). (r t 1 1 00 

B(V(t) t) - c-*''^'^'' ' - r-t^T(T) ^ 1/8 in(n+l) (2n+l)t/2fc(r) _ 

^ ' ^ ^ n— — 00 

= ^-t^T(T) 1 in(n+l)/g(2n+l)f/2ft(T) , g-(2n+l)t/2h(T)-, 

where 0i{t) = q-^/^ei{T) = 2 + 2q + 2q^ + ■ ■ ■ , which is a power series in q. Substituting into the 
expression above 



K ra=0 



-ci(if)/2+in(n+l)gV(T)Ag-T(r)t^+M(T)Q(Z))/2. 
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f (2n+l)t/2h{r)+N{r)K-D , -{2n+l)t/2h{T)+N{T)K-D\ 

^ ^ 0i{r) 



+ ■ 



As Q{tE + D) = —t^ + Q{D), it must be M(r) = 2T(r). The expression inside the summatory is 

non- vanishing if and only if n(n + 1) < d{K). So we actually have a finite sum. From [11] the basic 
classes of X are of the form K = K + (2m + 1)E, where X is a basic class of X and to <E Z. The 
expression in the summatory correspond to the pair of basic classes K = K ±{2n + l)E, since in this 
caseK-{tE + D) = T{'^n+l)t + K ■ D. So it is N{t) = 1/2/i(t). Note also that K = K±{2n + 1)E 
is a basic class for X if and only if is a basic class for X and d{K) = d{K) — n{n + 1) > 0. □ 

To finish the proof of theorem 1 it only remains to prove that 
Proposition 26. /^.^(r) = (-1)^^/k(t), for any w G H^{X-Z). Here /x(t) = /if,o(T). 

Proof. Let X ~ Xjj^<Cf be the blow-up of X, with exceptional divisor E and let w e H'^{X;Z). 
We are going to relate fK,w with fK±E,w and fK±E,w+E, for a basic class K of X. From the 
proof of proposition 25 we see that fK+E,w{T) = fK-E,w{T) = fK{T)/9i{T). On the other hand 
j^w+E(^^tE+D+Xx^ = D^{S{x,t)e'^+^=') and 

0(n- * A 1 OO 

= ^-t'T(T) 1 in(n+l)/g(2n+l)t/2^Cr) _ ^-{2n-\-l)t/2h{r)\ 

so fK-E,w+E{T) = fK{T)/Oi{T) = -fK+E.w+Eir). Therefore /x+B.tu+B = -fK+E,w fK-E,w+E 
fK-E,w The arguments in step 4 of the proof of theorem 2 in [11] now carry over. □ 



6. Proof of theorem 5 

By using lemma 22 in the expression of theorem 1, we get that for any 4-manifold X with bi = 0, 
6+ > 1 and odd, there are polynomials -Pr:(A) of degree d{K)/2 such that for any w € H'^{X;Z), 
we have 

K 

^■-do^-2Xj2^-B{-^)Q{tD)/2+A{-^)iK.tD^_-^-^l^-^^p^l^_^-^^ 
K 

where A{u),B{u) G C[[u]] are universal series satisfying 

r A{V{t) - 2) = N{t) = l/2/i(r), 
^ ' \ B{V{t)-2) = M{t) = 2T{t). 
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In order to solve (18) we need to review some elementary facts on elliptic integrals as presented 
in [8, Chapters 2 and 3]. The (complete) elliptic integrals of first and second kind are 



K 



E 



dt 



^/{l-f^){l-kH'^) 2 
1 - 



ll-kH^ , 1 



1/1-3 



3 V2-4 



1-3 

2 



1 • 3 • 5 
2-4-6 

2 



^4_1 /1-3-5 



5 V2-4-6 



respectively. These are analytic functions of fc^. Here k is termed the modulus of the elliptic 
integral. The relation with modular forms come from the classical resolution given by (see section 2 
and formula (3.3.5) in [8]) 



k = k{T) = 



:'(t,0) 



K. 



Using (14) we get 



A{K - E)K = = 877^62 (r) + Ai:^e2{T). 



As 62 — ei = \9^{t) = K'^/tt^, we also have 

-AEK = 87r2G2(T) + ATr^eiir). 

Now recall the duplication formulae [8, section 1.8] 

eU2r) = e2{T)es{T), 

e2(2T) = -ei(r)/2, 

ei{2T)es{2T) = el{T)/2 

(the second line follows from the definition). 

Put r' = 2t + 1 and let k = k{T') be the modulus corresponding to r'. Then we have 



/l(7 



'Mr') 



G2(T)+ei(T)/2 

J (t) = , . so = -TT 



Krf 



3 V / '^3 \ ' 7 '^3 

G2(tO + ei(r0/2 + G2(rO + e2(T0/2 



A{K - E)K - AEK 
8^2 



(19) 



2E-K 
2K ■ 
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In the third hne we have used (14) to get 

G2(t) + = log 01 (r) = 27ri f ^ log0i(2r) + ^ \og03{2T) ] = 



e2(r') 



= 47rz A log0i(r') + ^ log02(T')) = G'2(r') + + G2{t') + 

Using (19) we reexpress (18) as 

f A(-4fc2) = 7r/2K 

\ B{-Ae) = 2^ 

This completes the proof of theorem 5. □ 

Remark 27. The formula obtained in theorem 5 may be rewritten in the form given in [7, conjec- 
ture] (hence providing a proof of their conjecture), but the cohomology classes Ki appearing in [7, 
conjecture] are the basic classes of X and some multiples of them. 
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